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Abstract: We show that an inflationary background might be realized by using any p- 
form non-minimally coupled to gravity. Standard scalar field inflation corresponds to the 
0-form case and vector inflation to the 1-form. Moreover, we show that the 2- and 3-form 
fields are dual to a new vector and scalar inflationary theories where the kinetic terms are 
non-minimally coupled to gravity. 
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1. Introduction 

Our Universe looks impressively smooth. At cosmological scales, the observable sky seems 
to be only a tiny fluctuation out of a very homogeneous, isotropic and flat background, 
the Friedman- Robertson- Walker spacetime (FRW). In fact, latest measures of the cosmic 
microwave background radiation (CMB) Q clearly show that the CMB radiation is grossly 
homogeneous and isotropic. This implies that all points of the CMB sky should have been 
in causal contact, with a high degree of accuracy, at very early times. In other words, 
two distant photons of the CMB sky should have had enough time to meet each other 
and exchange information in the past. Unfortunately, General Relativity (GR) together 
with the Standard Model of Particle Physics alone is not able to reproduce this simple fact. 
Standard Big Bang cosmology predicts a finite "life time" of the Universe which is too short 
to allow the observed high homogeneity and isotropy. Moreover, an isotropic Universe is 
a highly unstable solution of GR sourced by standard matter. This is because, close to 
the Big Bang singularity, the energy density associated with anisotropic perturbations 
is stronger that the energy density of standard matter. An extra theoretical problem is 
the explanation of the observed spatial flatness of our Universe. In standard cosmology, 
the ratio between the spatial curvature and the Hubble radius of the Universe decreases 
monotonically backwards in time. In this case, to have the required flatness today, an 
extreme fine tuning of the spatial curvature must be used at very early times. 

Many alternative "solutions" to these problems have been put forward in the past 
J||-0. However, the most developed and yet simple idea still remain inflation. Inflation 
solves the homogeneity, isotropy and flatness problems in one go just by postulating a 
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rapid expansion of the early time Universe post Big Bang. Nevertheless, a fundamental 
realization of this idea is still eluding us. Originally, the effective theory of inflation has 
been realized by sourcing GR with a slow "rolling" massive scalar field 1| with minimal or 
even non-minimal kinetic term ||] . Fundamental scalar fields are however not yet discovered 
in nature so in principle the idea of inflation might well be realized by other, more complex 
fields. In this paper we explore the idea, initiated with the vector inflation [10],|jll|, ]l2[ . 



that inflationary backgrounds might alternatively obtained from p-forms sourcing GR. 



Vector curvaton has been considered in [ 13 1 , vector anisotropics in an inflating background 
in 14]. In particular we will show that any p-form conveniently coupled with gravity might 
produce an inflationary background. In this view, the scalar and vector fields are only the 
special 0- and 1-form cases of the general p-nflationary scenario. 

Non-minimal coupling of fields with gravity appear very often in many physical cases. 
For example, there are evidences that a non minimal coupling of the Higgs field with 
gravity [|l5| might provide a very appealing particle physics scenario for inflation. Exotic 
fields such as higher spin fields can consistently propagate only if non-minimally coupled to 
gravity pq^ffTfl]. String theory compactifications always introduce non minimal couplings 
of geometric extra-dimensional fields and four dimensional gravity [18], |l^] and finally 



interesting successful models of Dark Energy are based on non minimal couplings [20]. 

Let us now see why non minimal coupling are fundamental to obtain an inflating 
background out of p-forms. General p-forms minimally coupled to gravity cannot in fact 
support an inflationary background, not even in the case in which their gauge symmetry 
is explicitly broken by a mass term. However, we will show here that there are always 
non-minimal interactions of massive p-forms with gravity that can support an inflating 
background. The trick is to find the correct interactions reproducing the massive scalar 
field equations coupled with gravity out of p-forms. Let us quickly discuss the 1-form case, 
vector inflation. 

In a gravitational background, the field equations 

VF,, = m 2 A u (1.1) 

for a massive vector field are written as 

UA» - R^ U A V = m 2 A fl . (1.2) 

We will explicitly work on a FRW background 

ds 2 = -dt 2 + aitfdx^x^ij , (1.3) 

and we will use Greek indices for four-dimensional quantities, for proper time and Latin 
indices for three-dimensional space. By defining the re-scaled physical field [12, 13] B{ = ^ 
and taking into account the explicit form of Rij in terms of derivative of the scale factor 
we have that (|1.2|) becomes 

Bi + 3HBi + (m 2 - -)Bi = , (1.4) 

D 
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where H = a/a is the Hubble constant and / = • Moreover, using the field equation for 
the temporal component of the gauge field, one finds that Aq = 0. 



We note that the equation (L4) almost reproduce a massive scalar field equation. To 
get rid of the un-wanted term proportional to the Ricci scalar we can simply introduce in 
the massive U(l) action the following non-minimal term 

Sum = f (fx^g^A^ . (1.5) 



This is the necessary non-minimal coupling defining the vector inflation of [12[]. Finally, 
by the symmetries of the background, the coupling ( |1.5[ ) is also sufficient to reproduce a 
scalar field type energy density driving an inflating background, i.e. 

p = -T° = ^B l B i + m 2 B i B^ , (1.6) 

where summation over repeated indices is understood. The spatial Einstein equations in a 
FRW background will however be incompatible with a vector field theory as it generically 
produces anisotropies which breaks the FRW symmetries. This problem is nevertheless 



overcomes by considering 3 mutually orthogonal fields [21 ] or by a large number of randomly 



distributed fields [12]. 
2. P-nflation 

In this section we will explicitly consider massive non-minimally coupled p-form to gravity 
able to reproduce a slow roll inflationary scenario. 

A massive p-form field ^ in D-dimensions has 

(D-lY- , N 

2.1 




(D-l-p)\p\ 



degrees of freedom. In particular, for D = 4, the degrees of freedom of different forms are: 
0-form 1 degree of freedom (the scalar field), 1-form 3 degrees of freedom (massive vector), 
2-form 3 degrees of freedom and a 3-form has just 1 degree of freedom. Note that, contrary 
to the 0- and 3-form fields which are consistent with a homogeneous FRW cosmological 
model, we need a triplet of orthogonal [21] 1- or 2-forms (or, alternatively a large number 



of them p2]| ) to achieve homogeneity. The cosmology of the 1-form (a massive U(l) gauge 
field) has been studied in [12]. Here we will consider the remaining cases, namely, the 2- 
and the 3-form. 

The general action able to reproduce a scalar field-like equation of motion of a FRW 
background, as explained in the introduction, is 

S= [ d 4 Xy/=g~\-^R- . 1 a F Qi - q p+ 1 - —m 2 A a , a A ai - a ? + 

J v y [2K 2 2(p + l)! ai - a "+ 1 2p\ 1 p 

+ p(2 + 3p - p 2 ) RA Aai ...a p _ P±ZA A R nX A ^.., P -,\ t (2 . 2) 
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where 

= (p + l)V [w il M2 ... Mp+l] . (2.3) 



In the next section, we will explicitly show that the action ( |2.2| ) reproduce inflationary 
backgrounds defining what we shall call the p-nflationary scenarios. 

In the following we will just consider the 2 and 3 forms as the and 1 forms can be 
found in the literature. In particular by taking p = we get the chaotic inflation of || and 
for p = 1 we get the vector inflation of 

2.1 The 2-form 

The action (^^j for a 2-form field Ap V is explicitly written as 
S 2 = J d*xV=g(J^R- ^F^F^p -\n 2 A^ +^RA^A^ + ^ k R kX A x ^2A) 
where 

Ffivp = V ' p-^-vp + V ' p A^ v + \7 u A p p . (2.5) 
By varying the action ( |2.4| ) with respect to Ap V we obtain the following field equations 



VF^p - m 2 A up + -RA up + R x v A pX - R x p A vX = . (2.6) 
We may express the above equations as 

V 2 A vp + VpVV - V.V^ + m 2 ^ p + 2 -RA vp + 2i?\A pA - 2R x p A l/X = . (2.7) 



The Einstein equations associated with (2A) are 



Rfiu — i^9p,yR — k2 T[iv , (2.8) 



where 

" 2 



1_ . 2 2 



— r.Fp.KaFy + (771 fi)A pK j4;y Ap K R A av A K pR v A a A KU R^ A a 



-rt-pKST- 



—R^AapA^ - \g„ v V 2 A aP A^ + Iv p V^ Q/3 ^ 

+^(-^^Api ?KAp - \m 2 A KX A* x + ^RA kX A* x + R kX A x a ) . (2.9) 

Let us now consider an FRW geometry with metric 

ds 2 = -dt 2 + a{t) 2 dx l dx i , (2.10) 

and let us assume that the 2-form Ap V is time-depended only. We may parameterize its 
components as 



a 2 b 0i (t), Aij = a 2 kjit) . (2.11) 
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Then the field equations (|2.7| ) are written as 



2d 2 - mV) = , 



a ■ 



bij + 3-ba + m bij = . 



Thus, we find that 



boi = , 



(2.12) 
(2.13) 

(2.14) 



and each one of the 3 components 6y satisfies equation identical to the inflaton field. 

It is also straightforward to calculate the components of the energy-momentum tensor 
eq.Q. We find that 



too 



^(bmnbmn ~i~ f^> b mn b mn ) , 



12 



zbm.nbr, 



,„a" a n o \ 10 d • , 

16— + 8 3m |+— -b mn bn 

3 a 



11: 



(2.15) 

0v + 



1 .. . . 7 . . 

-\-b ik b jk (4a 2 + 6ad - m 2 a 2 ) - -a 2 (b ik b jk + b ik b jk ) + 2a 2 b ik b jk + -aa(b ik b jk + b ik b jk ) , (2.16) 

where summation over repeated indices is understood. The spatial part of the energy 
momentum tensor can however be simplified by using the time component of the Bianchi 
identities (V a T a a = 0) and the field equations to substitute for the d and bi terms into 
( 2.16 ). We then obtain 



3 2 H 2 
—m 



bimb, 



lm 



-Hbi m bl r 



11 

24* 



'blmblm 



8)+ 



■■> ■ ■ 3 2 

f hkbj k + H(b ik bj k + b ik bj k ) + b ik bj k — -m b ik bji 



(2.17) 



As we shall see later, the 2-form inflation is dual to a vector inflation theory that differs 
from the one of [12]. However we will now show that at the background level the two 
theories behave exactly the same. Let us spatially dualize by as follows: 



bij — £ij k B , 

where Ei* k is the totally antisymmetric symbol. We then get 



Too = \ (BiBi + m 2 BiB^ 



(2.18) 



(2.19) 



and 



H 2 



2H 



1 



—^-BiBi H — —BiBi + —BiBi ) d l j — H BiBj — H ( BiBj + BiBj ) — 



whereas the equation of motions are still scalar field-like 



- BiBj + -m 2 BiBj , (2.20) 



Bi + 3HBi + m 2 Bi = 



(2.21) 
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The stress tensor we just found is identical to the one of vector inflation . It is then 
clear that, as happens for vector inflation, off diagonal components of the stress tensor 
do not satisfy Einstein equations with a FRW background. However, this problem can 
be circumvented by either taking a large number of fields randomly distributed or by 
considering three mutually orthogonal vector fields B^ = 5^ B where (a = 1, 2, 3) and B 
a single scalar so that Ylfa) B^ Bj = o~jB 2 [21]. Note that in terms of the antisymmetric 
2-form field, this corresponds to of) = £ a ijB. 

In the second case, the 2-nflationary theory in a FRW background reduces to the 
massive scalar field theory ||, in which B is identified as the scalar field. Explicitly we 
obtain the inflationary closed system 

B + 3HB + m 2 B = , 

2 4ttG ( - 2 9 D 2 







H 2 = —g- [B 2 + m 2 B 2 j . (2.22) 
In the case of a large number N of randomly distributed fields we instead have that 

V B^Bf ~ ^B 2 + 0(l)\ /r NB i Bj , (2.23) 

(a) 6 



so in this case sub- leading anisotropics survives after inflation as explained in 12]. Usual 
inflation is then defined in slow roll formalism. We would also like to mention that a 
more general model can be obtained by a more general potential V{A iiy A^ LI ) instead of the 
simplest potential ^m 2 Ap U A^ u here considered. 

2.2 The 3-form 

We will now turn our attention to the 3-form field Ap Up case. Its action is explicitly 

S 3 = j d A xV=g{^R - ^F^ pa F^ - ± m 2 A pup A^ + X -RA pvp A^>- 

- ^A puK R KX A x n (2.24) 

where 

F^ivpa — V p A upcF V 1 aA pvp + V ' p A apv V i>A pap . (2.25) 

The field equations for the 3-form is 

VrF ^ p _ m 2 Afivp + Ira^ - 2{R%A pvK + R\A ppK + R%A vpK ) = , (2.26) 

which may be written as 

V 2 A pi/p - VaV^A^p + V p V^A pU(T - V^VM^ - m 2 Ap Vp 
~\~Rp,v A p \ a -\- R pp A v \ a + R vp Ap\ a 

-3(R K pA p „ K + R K v A mK + R\A vpK ) = . (2.27) 



1 Note that in Bianchi identities and equation of motion were not used to write down Ty. By 
employing Bianchi identities and equation of motion the stress tensor of WA indeed simplifies to ours. 
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The Einstein equations take the standard form 



(2.28) 



where 



1 13 

Tfj, v = —F/j,KapFi/ ^ + (— ui — R)A pKa A v + A a ^R? P A V ^ + A a fj p R^ u A^ ^ 



A apy yR^ Ag „ + A u q^TV A av - 



l r 



V3 



(W + TOv^Vp-^v 5 



-5^V^V 7 ] A kXj A^ x - Ir^A^A^ - ~ 9fll/ V 2 A aPl A a ^ + h/^A a01 A a ^ 

+9 fl v(-^F KXpa F KX P° - ^m 2 A KXp A^ + l -RA KXp A* x P - X -A kXo R°? A p kX ) (.2.29) 

Again for an FRW background, of the form (|2.1C| ), we may assume a time-depended 3-form. 
The components of this form may be parameterized in terms of a 2-form and a scalar 

6 as 



Aoij — ciij(t) , Aijk — <f)(t)tikj , 



(2.30) 



where is the spatial volume element. Then the field equations (2.27) are explicitly 
written as 

\2 



a a 



a a z 



+ m' 



0. 



4> + 3—0 + m < 
a 

Thus, for an expanding solution, we have 

dij = 



(2.31) 
(2.32) 

(2.33) 



and the single component of a massive 3-form non-minimally coupled to gravity parame- 
terized by the scalar <p satisfies the equation of a potential inflaton. 

Plugging (2.30) in the energy-momentum tensor ( p. 29 ), we find that 



-oo 



12 i 2/2 

-(f) + -m <p 



' 0i 







a 2 5i 



Using ( 2.32| ) in the Einstein equations we get 



-6 2 + -m 2 (b 2 



(2.34) 

(2.35) 
(2.36) 

a a* 'Z 'i 

which are the standard equations for a scalar field. Thus, the action for a 3-form non- 
minimally coupled to gravity describes a standard scalar field minimally coupled to grav- 
ity, at least at the background level. In this case the system is therefore automatically 
compatible with isotropy of the background. 



2 a - + ^ 



-S 2 + -m 2j ~ 2 
T 2 



-7- 



3. Dual Theories 



As we have already noticed, in four spacetime dimensions, 3 and 4 forms are dual to vector 
and scalar fields, respectively. One may therefore wonder whether the 2-3 -nflation theories 
are just the scalar and vector field inflationary scenarios in their dual description. We will 
show in the following that this is not the case and 2- and 3-nflation are completely new 
theories with no relation to scalar and vector inflation. For comparison we will however 
call these new theories dual- vector and dual-scalar field inflations. In fact, as we shall see 
it, the dual 2- and 3-nflation theories are higher derivatives theories. The vector and scalar 
fields are indeed coupled with inverse of curvatures in p-nflation. 

3.1 Dual Vector inflation 

The action may be equivalently written as 

S 2 = J d'xV^g (J^R + ^F^ p F^p + l -A^V a F^ + l -A^ K M kX A x A , (3.1) 



where 



M kX = q kX (|- ^) +R kX . (3.2) 



Integrating out F pyp we get the original action ( |2.4[ ) 
We now define the dual fields 



A a j3 — taPtivB^ , (3.3) 



where e^ vpa is the spacetime volume element. 
The dual action then reads 



C du ai = ^R - \m 2 A^ - mB^Fap + m 2 B aX B a ^ x , (3.4) 



2k* 2 

where 



A^=(l-|4V Q/3 + 2 ^' (3-5) 
1 3 m z / m z 



and F^ = V p A u — V yA^ as usual. We now define 

A a/3 = u a/3 LJ!k A i 



K U 3 = C* U X . (3-6) 



and the "inverse" tensor 

where = 25^ ^5 ^ is the generalized Kroneker delta. 
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With the above definitions we can integrate out B a p from ([TJ) and obtain the dual 
Vector inflation 

Cdual = ~ pvF^FP* - l -m 2 A^ . (3.8) 

The action we just found clearly differs from the vector inflation action of [12]. It is however 
interesting to see that in a flat background the above action just reduces to the massive 
U(l) gauge field 

C^ = -\F^-^. (3.9) 



We should stress here that the basic difference between the action fl3.8|) and the corre 



sponding action for the massive vector field of fl2[| is that in [12| the vector field has normal 
kinetic term and a non-minimal mass term whereas, in our case, the dual vector field has 
normal mass term but non-minimal kinetic term. 

3.2 Dual Scalar inflation 



We finally turn our attention to the three- form action. The action ( 2.24 ) may be equiva- 
lently written as 

S 3 = J d 4 x^9 (J^R + ^F^F^o* + ^A^VaF^ - \a^ k M kA A^\ (3-10) 



where 



Integrating out F pvpu we get back the original action ( 2.24 ). The dual theory is now 
obtained by expressing the field strength and the three- form potential in dual fields, i.e., 



and 



The dual action then reads 



F^upa = mep Upa § , (3.12) 



Apvp — tpivpaB . (3.13) 



Cdual = ^R ~ \™ 2 <5> 2 - mB a d a $ + ^A al3 B a B p , (3.14) 



with 



A °"=( 1 + 2^)^-^- < 3 ' 15 > 

The effective theory for the scalar field $ is then obtained by integrating out B a . By 
defining 

A a »A au = 5£ , (3.16) 
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C-dual = ~ ^d a ®d <S> - -m 2 $ 2 . (3.17) 



we have 

XtR - -A af3 d a <S>d g <S> - -i 
2k 2 2 ' 2 

The dual theory of the 3-nflation is therefore a higher curvature theory and so it differs 
from the standard scalar field inflation in which A a @ = g a/3 . 

It is interesting to see that the Einstein equations in the dual formulation looks much 
simpler than in the three-form form. Variation of the above action with respect the metric 
produce in fact the following Einstein equations 

1 



where 



Rfiu — -^g^vR — i^T^ (3.18) 



T ^ = { 1+ 2^) ^ " 2S^ " W ^ + 

with 

e = , = ec - \g^e . (3.20) 

In addition, the scalar field equation may be written 

= m 2 $ . (3.21) 

It is very interesting to notice that for a deSitter background, in which a(t) = e Ht , we 
have that A al3 = g a @ . The dual action in a deSitter background therefore reduces exactly 
to the minimally coupled scalar field action. This is not of course the case for any other 
background. For example we expect that cosmological perturbations in these theory will 
greatly differ from the chaotic inflationary case. Although the check of the cosmological 
perturbation for an inflating background is of primary interest we will however leave this 
for future work. 

We also note that, as in the dual- vector case the basic difference between the action 



(3.14) and the standard chaotic inflation is that in the case of chaotic inflation, the inflaton 
field has both normal kinetic and mass term, whereas in the dual-scalar theory, the dual 
to the 3-form scalar field has normal mass term but non-minimal kinetic term. 



4. Stability 



It has been claimed in JS^] that vector inflation is probably unstable. This is due to 
a possible ghost instability of the longitudinal component of the massive U(l) vector in 
the slow-roll regime. Such instability, may more easily be discussed after restoring gauge 
invariance by means of Stuckelberg fields. Let us consider the following lagrangian 



1 

2^2 



R 



1 



F 



-m 2 - -R 



(4.1) 
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invariant under the following gauge transformations 



SA, 



(4.2) 



The original vector inflation action of [O] can be obtained by gauge fixing the lagrangian 
(4.1) with x = const.. The Stuckelberg field is clearly a ghost for 



-m 



6 



-R < . 



(4.3) 



In slow roll (H <C m 2 <C H 2 ) and if no gravitational perturbations are considered, we have 
that 



-m 2 -~R= -m 2 - H - H 2 < , 
2 6 2 



(4.4) 



so the field part of the theory (4.1) on a fixed slow rolling background suffers from a 
ghost instability. However, in order to finally decide whether or not vector inflation is 
perturbatively unstable, the full gravitational and field theory perturbation analysis must 
be performed. This important task is left for future work. 

Similarly, for the other p-nflationary theories, one may perform the same qualitative 
analysis by introducing appropriate Stuckelberg form fields to restore gauge invariance. 

For the 2-form inflation, we have 



C 2 = J- R--F 2 
2k 2 12 



_ .4 6/^2 
where 

The above Lagrangian is invariant under 

6B^ U = d^Oy - dyOf, , 5xv = 0^ . 
Again the Stuckelberg field Xn behaves as a ghost if the matrix 



{M 2 y K 



i 



i 



-m 2 --R\ • +-FK 



has negative eigenvalues. The eigenvalues of this matrix turns out to be 



(M 2 )° = ^(m 2 + 2H - 2H 2 ) , (M 2 ){ 



1 



(m 2 -2H- 2H 2 )8{ 



(4.5) 



(4.6) 



(4.7) 



(4.8) 



(4.9) 



which are again negative for slow roll. Thus, the Stuckelberg field might produce a ghost 
instability. 

Finally, for the 3-form inflation, we have 



2k 2 48 



— m 2 - -r] 5 p K + -RP 
12 8 / 2 



Pi —A 

^ pop ^pap 



QPO 



A po 



(4.10) 
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where 



S/ii/K = d^XvK + QnXiiv + dyXnn (4.11) 

and Xnv = ~Xu^- The Lagrangian is now invariant under 

5A^ K = M 0„ K + + , <5 X ^ = V • (4-12) 

Again, the Stuckelberg field Xfiv would be a ghost if the matrix 

(M 2 )£ = (im 2 - ifl) ^ + (4.13) 

has negative eigenvalues. However, in this case the matrix ( 4.13j ) is diagonal with eigen- 
values 

(M 2 )° = ^(m 2 + 9H) , {M 2 )i = l(m 2 - 3H)Sf (4.14) 

which are positive in the slow roll regime. Thus, the Stuckelberg field is in this case a 
canonical field and no ghost instability might be produced. 



5. Conclusions 

We have explored here the idea that inflationary backgrounds might be obtained from p- 
forms sourcing GR. This is in a sense a generalization of vector inflation |l^] , (ll| , ||l2[| for 
higher order antisymmetric fields. In particular, we have shown that any p-form conve- 
niently coupled to gravity might produce an inflationary background. In this respect, the 
scalar and vector fields are only the special 0- and 1-form cases of the general p-nflationary 
scenario. 

The basic ingredient for p-nflation is to introduce a non-minimal coupling of the mas- 
sive p-form fields to gravity able to mimic a slow rolling inflationary background. Moreover, 
for 1- and 2-nflation, a triplet of fields appropriately oriented or a large number of them 
randomly distributed are need in order to have configurations compatible with a homo- 
geneous FRW background. For the standard chaotic inflation (0-nflation) and 3-nflation, 
this is not necessary, as scalars and 3-forms are compatible with homogeneity. 

One may think that, due to Poincare duality which connects in general p-forms in 
n dimensions with n — p-forms, the 3-nflation will be identical with chaotic inflation and 
2-nflation with the vector one. However, as we have shown, the massive vector field in 
vector inflation has normal kinetic term and a non-minimal mass term, whereas the dual 
vector of the 2-nflation has normal mass term but non-minimal kinetic term. Similarly, 
the inflaton scalar field has both normal kinetic and mass term, whereas the dual-scalar 
theory of 3-nflation has normal mass term but non-minimal kinetic term. 

Finally, we would like to mention that, in p-nflation, scalar and tensorial perturba- 
tions will generically differ (at slow roll order) from the standard perturbations generated 
in chaotic inflation (and similar standard inflationary theories). This is due to the new 
algebraic structure of the p-nflationary theories. For example, the perturbed pressures 
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related to the p-forms will generically be anisotropic. We therefore believe that p-nflation 
would potentially lead to striking signatures in the CMB that can be in principle observed 
in future experiments. The perturbation analysis is however too involved to be performed 
in this paper as standard techniques must be revisited, we therefore leave this important 
task for a subsequent work. 
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